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T JAM MATHEMATICS-2022

Notation and Terminology

N = the set of all positive integers

Z = the set of all integers

Q = the set of all rational number

R = the set of all real number

R"™ = the n-dimensional Euclidean space

C = the set of all complex number

M, (R)= the real vector space of all n X n matrices with entries in R

M,, (C) = the complex vector space of all n X n matrices with entries in C
gcd(m, n) = the greatest common divisor of the integers m and n

MT = the transpose of the matrix M

A — B = the complement of the set B in the set A, thatis, {x € A: x & B}
In x = the natural logarithm of x ( to the base e)

|x|=the absolute value of x

y',y",y"" = the first, second and the third derivatives of the function y, respectively.
S, = the symmetric group consisting of all permutations of {1,2, ..., n}

Z,, = the additive group of integers modulo n.

f °© g is the composite function defined by (f ° g)(x) = f(g(x))

The pharse ‘real vector space’ refers to a vector space over R

1 1

Q.1 Considerthe 2 X 2 matrix M = (1 0

) € M, (R). If the eighth power of M satisfies M® (é) =

N tren the velie aP 1
(y),tentevaue0x|5

(A) 21 (B) 22
(C) 34 (D) 35
1 1 10 0 O
./1 0 01 1 O . by .
Q.2 Therank of the 4 X 6 matrix 0101 0 1 with entries in R, is
0 0 10 1 1
(A)1 (B) 2
(C)3 (D)4

Q.3 Let V be the real vector space consisting of all polynomials in one variable with real
coefficients and having degree at most 6, together with the zero polynomial. Then which
one of the following is true?

(A){f eV:f G) ¢ Q} is a subspace of IV
(B){f eV:f ) = 1} is a subspace of V
@ f{f ev:f ) = f(1)}is a subspace
D){f eV:f' G) = 1} is a subspace of V

G
G

Q.4 Let G be a group of order 2022. Let H and K be subgroups of G of order 337 and 674,
respectively. If HU K is also a subgroup of G, then which one of the following is FALSE?
(A) His a normal subgroup of H U K
(B) The orderof H U K is 1011
(C) The order of H UK is 674
(D) K is a normal subgroup of H UK
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3
. . n .
The radius of convergence of the power series Yo, (—) x>M s

4n
(A) 4 (B) /4

1 1
€ (D) B
Let (x,) and (¥,) be sequences of real numbers defined by x; =1,y = % X, +1= xnzﬂ’
andy, + 1= ,/x,y, foralln € N then which one of the following is true?
(A) (xy) is convergent, but (y,,) is not convergent
(B) () is not convergent, but (y,,) is convergent
(C) Both (x,) and (y,,) are convergent and 11m Xp = llm'yn
(D) Both (x;,) and (y,,) are convergent and 11m X, = lim y,

n—-oo

Suppose a,, = % and b,, = ;1 for n = 2,3,4, ... Then which one of the following is true?

(1+n2)a
(A) Both X.>°_, a, and 7, b, are convergent
(B) Both Y:>°_, a,, and Yo, b, are divergent
(C) Both Y5°_, a,, and Y., by, are divergent
(D) Both X, a, and X.;°_, by, are convergent

Consider the series Z;‘{;l(l:—l) where m and p are real number. Under which of the following

nb
conditions does the above series converge?
(A)ym>1 B)0<m<landp>1
(C()0<m<land0<p<1 (D)m=1andp > 1,

Let ¢ be a positive real number and let u: R? — R be defined by u(x,t) = zl_c f;jcctteszds for
(x,t) € R? Then which one of the following is true ?

2%u %u ou a%u
(A)ﬁ:CZﬁOHRz (B)—ZCZEOHRZ
Gudu 2 Sui 2

(C)ata =0onR (D)ata =0onR

Let 0 € G’E) Consider the functions
w:R? —{(0,0)} > Randv : R2—{(0,00}> R

Given by

u(x,y) =x— w24y and v, y)=y+=5— 2+y2
du 0u

The value of the determinant g’; gfz at the point (cos#, sinf) is equal to
ax 9y

(A)4sin @ (B) 4 cos 6

(C)4sin% 0 (D) 4 cos? 6

Consider the open rectangle G = {(s,t) € R%:0<s<land0<t< 1} andthemap T: G -
R? given by T(s,t) = (w,n(l S)) for (s,t)e G Then the area of the image T(G) of the
map T is equal to

bid 2
(A) Zz (B)
(G (D)1
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. 1,1 1 1 1 (-pntt
Let T denote the sum of the convergent series 1 — 3 + 373 + i + -+ — + ---and let
. 11 1 1 1,1 1 1
S denote the sum of the convergent series 1 +-—-4+-—=—- +-———=+- =
" . 2 4.3 6 8 5 10 12
Y=y Qn, Where az;,_, = Ty G3m-1 = = and az,, = o for m € RN then which one

of the following is true ?
(A)T =Sand S # 0. (B)2T =S andS # 0
(OT =2SandS #0 D)T=S5=0

Let u: R = R be a twice continuously differentiable function such that u(0) > 0 and u'(0) >
u(x
1+x
. The functions uu' is monotonically increasing on [0, )

IIl. The function u is monotonically increasing on [0, o)
Then which one of the following is correct?

(A) Both | and Il are false

(B) Both I and Il are true

(C) lis false, but Il is true

(D) I'is true, but Il is false

)2 forallx € R Consider the following two statements:

0. Suppose u satisfies u'' (x) =

. n Vn+i-vn.
The value 7111_1)130 Dk=2 ez equal to
(A) o0 (B)1
(C)e (D)o

For t € R, let [t] denote the greatest integer less than or equal to t. define functions h: R? —
Rand g:R - R by

-1 . 2
—— If x°#
h(x,y) = ¥~ fz Y and g(x) ={
Oifx=y

then which one of the following is FALSE?

2
A lim cos (=2L) = s
( )(x,y)—>(\/5,7'[) (x2+1) 2
(B) lim_ e"®¥) =0

(xy)~(2,2) -

C lim In(xY ™ Y)=e—-2
( )(X,Y)*(e.e) 2( )
D lim e“Yg(x) =1
B eohTloy® )

sinx

Tifxth
0ifx=0

Let p € M, (R) be such that P* is the zero matrix, but P3 is a nonzero matrix then which one of

the following is FALSE ?

(A) Forevery nonzerovectorv € R*, the subset {v,pv,p?v, p3v} od the real vector space R*
is linearly independent

(B) The rank of P¥ is 4-k for every k € {1,2,3,4}

(C) Oisan eigenvalue of P

(D) IfQ € M,(R)is such that Q, is the zero matrix, but Q3 is a nonzero matrix, then there exists
a nonsingular matrix S € M,(R) such thatS™1QS =P

For X,Y € M,(R), defined (X,Y) = XY-YX. Let 0 € M, (R) denote the zero matrix, consider the
two statements:

P:(X,(v,2)+ (Y, (Z, X))+ (2, (X,Y)) = 0forall X,Y,Z € M,(R)
Q:(X,(Y,2)) = ((X,Y),Z) forall X,Y,Z € My(R)
Then which one of the following is correct?
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(A) Both P and Q are true (B) P is true, but Q is false
(C) P is False, but Q is true (D) Both P and Q are false

Consider the system of linear equations

x+y+t=4,
2x — 4t =7,
x+y+z=5

x—3y—,z—10t = A,
Where x,y,z,t are variable and A is a constant. Then which one of the following is true?
(A) If A = 1 then the system has a unique solution n
(B) if A = 2 then the system has infinitely many solutions
(C) If A = 1, then the system has infinitely many solutions
(D) If A = 2, then the system has a unique solutions

Consider the group (Q+) and its subgroup (Z, +) For the quotient group Q/Z, which one of the
following is FALSE?

(A) Q/Z contains a subgroup isomorphic to (Z,+)

(B) There is exactly one group homomorphism form Q/Z to (Q, +)

(C)Foralln € N, there exists g € Q/Z such that the order of g isn

(D) Q/Z is not a cyclic group

ForP € Ms(R)andi,j € {1,2,...,5} let pij denote the (i, )" entry of P. Let S = {P € Ms(R)

: Pij = prsfori,j,r,s €{1,2,..,5} with i + r = j +s} then which one of the following is False?

(A) S'is a subspace of the vector space over R of all 5X5 symmetric matrices

(B) The dimension of S over Ris 5

(C) The dimension of S over Ris 11

(D) If P € S and all the entries of P are integers, then 5 divides the sum of all the diagonal entries
of P

On the open interval (—c, ¢) where c is a positive real number, y(x) is an infinitely differentiable
solution of the differential equation % = y2 — 1 + cos x with the initial condition y(0). Then

which one of the following is correct?

(A) y(x) has a local maximum at the origin

(B) y(x) has a local minimum at the origin

(C) y(x) is strictly increasing on the open interval (=8, §) for positive

(D) y(x) is strictly decreasing on the open interval (=6, &) for some positive real number §

Let H: R - R be the function given by H(x) = %(ex +e™) for x € R Let f:R = R be

defined by f(x) = f:H(xsinH) d@ for x € R then which one of the following is true?
(A) xf"(x)+ f'(x) +xf(x) =0 forallx € R

B)xf"(x) — f'(x) +xf(x) =0 forallx €R

Q) xf"(x) + f'(x) —xf(x) =0 forallxeR

D) xf"(x) —f'(x) —xf(x) =0 forallx eR

Consider the differential equation y" + ay’' + y = sinx for x € R (**) then which one of the
following is true?

(A) If a = 0, then all the solution of (**) are unbounded over R

(B) If a = 1, then all the solution of (**) are unbounded over (0, )

(C) If a = 1, then all the solution of (**) tend to zero as x =

(D) If a = 2, then all the solutions of (**) are bounded over (—o, 0)
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For g € Zs, denote the residue class of g modulo 37. Consider the group Uz, = {g~ € Z3;:
1 < g < 37 with gcd(g, 37) = 1} with respect to multiplication modulo 37. Then which one of
the following is FALSE?

(A) Theser {g~ € Uz, : g~ = (g~) "1} contains exactly 2 elevents

(B) The order of the element 107 in Uz~ is 36

(C) There is exactly one group homomorphism from U to (Z+)

(D) There is exactly one group homomorphism from Us, to(Q, +)

For some real number ¢ with 0 <c < 1,let@:(1 —c,1+c) = (0,0) be a differentiable
function such that @(1) =1landy = @(x) is a solution of the differential equation
(x2 + y?)dx — 4xy dy = 0 then which one of the following is true?

(A) (3((2)(x))2 + x2)2 = 4x (B) (3((Z)(x))2 —x20% = 4x
(C) (3((25()())2 + xz)2 = 40(x) D) B(e()° = 40(x)

For a 4X4 matrix M € M,(C), let M~ denote the matrix obtained from M by replacing each
entry of M by its complex conjugate. Consider the real vector space H = {M € M, (C): MT = M}
Where MT denotes the transpose of M. the dimension of H as a vector space over R is equal to
(A) 6 (B) 16
(C) 15 (D) 12

’

. . . N _
Let a, b be positive real number such that a < b. Given that Alllm fo e t2 dt = g
—00

- N1, -at? _ ,-bt?) s
The value of 1\111_1)130 fo ~(e e bt)dt is equal to

(A) Vr(va = b) (8) Vr(va + Vb)
(@ —Vr(Va+vb)  (O)Vr(Vb—+a)

2 3 n
For —1 < x <1, if f(x) is the sum of the convergent power series x + ;—2 + % + -+ i—z + -
Then f G) is equal to
L m@a-o Lim@-t
(A) Jy——dt (B) — Jy—¢—dt
1

(Q) fOEt In(1 + t)dt (D) fé tin(1 —t)dt

Forn € Nandx € [1,), let f;,(x) = f:(xz + (cos@)Vx2z — 1)n do
Then which one of the following is true?

(A) f(x) is not a polynomial in x if nisoddandn = 3

(B) fn(x) is not a polynomial in x if nis evenandn > 4

(C) fn(x) is a polynomial in x foralln € N

(D) fn(x) is not a polynomial in x foranyn = 3

Let P be a 3 X 3 real matrix having eigenvalues 4; = 0,4, =1 and A3 = —1. Further, v; =

1 1 1
(0),172 = <1> and v3 =(0> are eigenvectors of the matrix P corresponding to the

0 0 1
eigenvalues 1,1, and 43, respectively. Then the entry in the first row and the third column of

Pis
(A) O (B)1
(C)-1 (D) 2
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Let (—c, c) be the largest open interval in R (where cis Either a positive real number or ¢ =
o)on which the solution y(x) of the differential equation Z—z =x2 +y2 + 1 with initial
condition y(0) = 0 exists and is unique. Then which of the following is/are true?

(A) y(x) is an odd function on (—c, c¢)
(B) y(x) is an even function on (—c, c¢)

(C) (y(x))2 has a local minimum at 0
(D) (y(x))2 has a local maximum at 0

Let S be the set of all continuous functions f:[—1,1] » R satisfying the following three
conditions:

(i) f is infinitely differentiable on the open interval (—1,1),

(i) the taylor series

£(0) + £'(0)x + %xz -

Of f at 0 converges to f(x) for each x € (-1,1)

(ii) f (%) =0foralln € N
Then which of the following is/are true?

(A) f(0) = Oforevery f €S

(B) f (%) =0 foreveryf €S

(C) There exists f € S such that f' G) #0

(D) There exists f € Ssuch that f(x) # 0forsome x € [—1,1]

Define f:[0,1] — [0,1] by
1 ifx=0

1 m :
fx) = - ifx = - for some m,n € Nwithm < nandgcd(m,n) =1

0 if x €[0,1]is irrational

And define g: [0,1] — [0,1] by

0ifx=0
9(x) = {1 if x € (0,1]
Then which of the following is/are true?
(A) f is Riemann integrable on [0,1]
(B) g is Riemann integrable on [0,1]
(C) The composite function f © g is Riemann integrable on [0,1]
(D) The composite function g ° f is Riemann integrable on [0,1]

Let s be the set of all functions f: R — R satisfying

lfG) = fOIIP < lx —yl*forallx,y € R

Then which of the following is/are true?

(A) Every function in S is differentiable

(B) There exists a function f € S such that f is differentiable, but f is not twice differentiable

(C) There exists a function f €S such that f is twice differentiable, nut f is not thrice
differentiable

(D) Every function in S is infinitely differentiable

A real-valued function y(x) defined on R is said to be periodic if there exists a real number T >
Osuchthaty(x +T) = y(x) forallx € R

2
Consider the differentiable equation % + 4y =sin(ax), x€ R
Where a € Ris a constant then which following is/are true?
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(A) All solutions of (*) are perodic for every choice of a

(B) All solutions of (*) are periodic for every choice of a € R — {-2,2}
(C) All solutions of (*) are periodic for every choice of a € Q — {—2,3}
(D)Ifa € R —Q, then there is a unique periodic solutions of (*)

Q.36 Let M be a positive real number and let u, v: R> — R be continuous functions satisfying
Jul,y)? + v(x,y)? = My/x2 +y2 forall (x,y) € R?
Let F: R? - R? be given by
F(x,y) = (u(x,y),v(x,y)) for (x,y) € R?
Then which of the following is/are true?
(A) Fis injective
(B) If K is open in R?, then F(K) is open in R?
(C) If K is closed in R?, then F(K)is closed in R?
(D) If E is closed and bounded in R?, then F~1(E) si closed and bounded in R?

Q.37 Let G be a finite group of order at least two and let e denote the identity element of G. Let
o: G — G be a bijective group homomorphism that satisfies the following two conditions:
(i)Ifo(g) = g forsomeg € G,theng = e
(i) (°0)(g) =g forallg € G
Then which of the following is/are correct?

(A) For each g €G, there exits h € G such h™* o(h) = g.
(B) There exists x € G such that xo(x) # e.

(C) The map o satisfies o(x) = x~ for every x € G.

(D) The order of the group G is an odd number.

Q.38 Let (x,,) be a sequence of real numbers. Consider the set
P={neN:x,>x, forallmeN withm > n}.
Then which of the following is/are true?
(A)If P is finite, then (x,,) has a monotonically increasing subsequence.
(B) If P is finite, then no subsequence of (x,) is monotyonically increasing
(C)If P is infinite, then (x,,) has a monotonically decreasing subsequence
(D) If P is infinite, then no subsequence of (x,,) is monotonically decreasing.

Q.39 Let V be the real vector space consisting of all polynomials in one variable with
real coefficients and having degree at most 5, together with the zero polynomial.
LetT:V — R be the linear map defined by T(1) = 1 and
T(x(x—l)...(x—k+1))=1f0r1 <k<5
Then which of the is/are true?

(A) T(x*) =15 (B)T(x3) =5
Q) T(x*) =14 (D)T(x3) =3

Q.40 Let P be a fixed 3x3 matrix with entries in R. Which of the following maps from M;(R)
to M5(R) is/are linear?
(A) T;: M3 (R) - M5(R) given by T; (M) = MP — PM for M € M3(R)
(B) T,: M3(R) - M5(R) given by T,(M) = M?P — P2M for M € M3(R)
(C) T3: M3(R) - M5(R) given by T;(M) = MP? — P2M for M € M;(R)
(D) T,: M3 (R) - M3(R) given by T,(M) = MP? — PM? for M € M5(R)

Q.41 The value of the limit

. (1*+2%+-4n*) 1 ¢ 1 1 1
am, < N (\/—n+1 thRm T m)
Is equal to . (Rounded off to two decimal places) Ans.2.2
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Consider the function u: R® - R given by

uxy, xp,x3) = x1x3x3 — x3x? — 26x2x3x3.

Letc € Rand k € N be such that

u

dx3

Evaluated at the point (t,t2,t3), equals ct® for every t € R. Then the value of k is equal to
.Ans. 14

ou
xla—xz-l' 2X2

Let y(x) be the solution of the differential equation
%+ 3x%2y = x?, for x ER

satisfying the initial condition y(0) = 4.

Then lim y(x) is equal to . (Rounded off to two decimal places) Ans. 0.333
X—00
The sum of the series
yo 1
n=1 (4n—3)(4n+1)
is equal to . (Rounded off to two decimal places) Ans. 0.25
The number of distinct subgroups of Zggg is . Ans. 8

The number of elements of order 12 in the symmetric group s, is equal to
Ans. 420

Let y(x) be the solution of the differential equation
xy?y' +y3 = % forx >0,
satisfying y (g) = 0.

Then the value of y (Sz—n) is equal to . (Rounded off to two decimal places) Ans. 0

Consider the region
G={(x,y,z) ER:0<z<x?—y%x?+y?<1}.
Then the volume of G is equal to . (Rounded off to two decimal places) Ans.0.5

Given that y(x) is a solution of the differential equation
x2y" + xy' — 4y = x?

on the interval (0, ) such that liI’(I)1+ y(x) existsand y(1) = 1.The value of y'(1) is equal to
X—

. (Rounded off to two decimal places) Ans. 2.25

Consider the family F; of curves lying in the region
{(x,y,z) €ER%:y < 0and0 < x < m}and given by

1- . .
y = %, where c is a positive real number
Let F; be the family of orthogonal trajectories to F;. Consider the curve C belonging to the family
s

F, passing through the point (g 1). If a is a real number such that (4 a) lies on C, then the

value of a* is equal to (Rounded off to two decimal places) Ans. 2

*Q.51 Fort € R, Let [t] denote the greatest less then or equal to t.

Let D ={(x,y) E R%:x?2+y2<4} Let f:D > Rand g:D —» R be defined by £(0,0) =
g(0,0) =0 and

oY) = [+ ¥4 52 (0 y) = 2] 52

x%+y?
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For (x,y) # (0,0). Let E be the set of point of D at which both f and g are discontinuous. The
number of elements in the set E is . Ans. 18

If G is the region in R? given by

G{(x,y) ER%x2+y? < 1,13< y <3x,x>0,y> O} Then the value of
200

2 . .

— ffo dx dy is equal to . (Rounded off to two decimal places) Ans. 4.16

1 1 u U1
letA=| 0 1 |andAT denote the transpose of A. let u = (u;) and v = | V2 | be column

-1 1 U3
vectors with entries in R such that u? + u = 1 and v? + v + v2 = 1. Suppose Au = V2 v
and ATv =2 w. Then |u1 + 242 v1| isequal to . (Rounded off to two decimal places)
Ans. 3
Let f:[0, 7] - R be the function defined by

(x —meSn* f0<x Sg,
fx) = :

xes"‘x+% if §<x < m
Then the value of fonf(x)dx Is equal to . (Rounded of two decimal places)
Ans. 2
Let r be the radius of convergence of the power series

1+x_|_x2 +x3 +x4+x5+x6+x7 N
3 5 32 52 33 53 34 54
Then the value of 2 is equal to . (Rounded off to two decimal places) Ans.3
Define f: R? - R by
flx,y) = x? +2y? —x for (x,y) € R?
2 2
LetD = {(x,y) ER%:x?2 + y? < 1}and E = {(x,y) € RZ:%+% < 1}.
Consider the sets
Dimax = {(a,b) € D : f has absolute maximum on D at (a, b)},
Dpin = {(a,b) € D : f has absolute minimum on D at (a, b)},
Epnax = {(c,d) € E : f has absolute maximum on E at (¢,d)},
Emin = {(c,d) € E : f has absolute minimum on E at (¢, d)}.
Then the total number of elements in the set
Dinax Y Dmin U Epay U Epin isequal to . Ans.5
11 10 10 10
. . 10 11 10 10 . .
X = .
Consider the 4 X 4 matrix M 10 10 11 10 Then the value of the determinant of M is
10 10 10 11

equal to .Ans. 41

Let o be the permutation in the symmetric group S5 given by
c(1)=2, d(2)=3, ¢(3)=1, oc(4)=5, o(5) =4.

Define
N(o)={t €Ss: o°1= 1°0}.
Then the number of elements in N(o) is equal to . Ans. 6
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Q.59 Letf;(—1,1) » R andg:(—1,1) - R be thrice continuously differentiable function such that

Q.60

f(x) # g(x) for every nonzero x € (—1,1). Suppose
f(0) =2, f'0)=mn f(0)=n? andf"”(0)= n°and
g(0)in2, g'(0) = m,g"(0) = n?,and g""'(0) = n3.
Then the value of the limit
ef() _eg()

im——
x—-0 fx)-g(x)
Is equal to . (Rounded of two decimal places) Ans. 2

If f:[0,00) > Rand g: [0,00) = [0,0) are continuous functions such that

R 3+x2 5 90 5 3
Js f@®)dt = x* and [ t?dt =9 (x + 1) forall x € [0,0),
Then the value of

f2) +g(2) +16f(12)
is equal to . (Rounded of two decimal places) Ans. 13.40

10



