INDEX

S. No.

Contents Page No.

SET THEORY & COUNTABILITY 1

1.1 K= T OO OO ST STPPP 1

1.2 REIATION. ...ttt e s e e et e e r e e e s 2

1.3 FUNCEION. ettt e e e e e er e s e 3

1.4 Classification Of FUNCLIONS........couei vttt et et et e 4

1.5 SIMIlar/EQUIVAIENT SEES......cveveviee ettt ettt e e e st st bes s e s s eens 7

1.6 Countable & UNcountable Sets........o ettt s et 8

1.7 N QUATIEY ettt e ettt ettt s s st et ee e e neane et st aaee 12
POINT SET TOPOLOGY 16
2.1 Archimedean PrOPEITY ... ettt ettt st e s e st s ae e st st st st e eee 16
2.2 BOUNGS OF A STttt e st e et s e st et e b st e een 16
23 INEEIVAIS .. ettt s e b e e et s et en e 18
24 CONNECEEANESS. ...t ettt et e et s s e st s e b sesb s e s sea s s enene ses enen 18
2.5 Neighbourhood Of A POINT.......c.coiiiiie ettt st e r s b s s e 18
2.6 Some Important Type of Points & Its Properties.......cceve i ieiereeveveeeines v, 19
SEQUENCES 29
3.1 D TINITIONS ettt st e e e e e et e s erene 29
3.2 Bounded & MONOTONIC SEQUENCES.......cvvuiriieieieeieste et eries et s terssraesesresresse st saesesseann 29
33 SUDbSEqUENCE’S OF A SEQUENCE.....c..cuieeieeietietete et ete e ste ettt e tes e etestestessasessssessantenes 31
3.4 Limit Of A SEOUENCE .. .cetieeietie et cte ettt et ettt stestesas e et aeraes e ases e steneestesanensssannes 33
3.5 NON CONVEIZENT SEQUENCE....c.ueceeeeeieecte ettt sttt et stesete et sseeae s steeas seseeatessaensessresnses 39
3.6 Some IMPOrtant LiMits. ...ttt s e s e e e ene s sreas 42
3.7 Limit Superior & Limit INFerior.......ouc ettt 49
3.8 Sequence of Natural NUMDEI'S.......cooii ettt st r e e r e 54
3.9 Sequence of Rational NUMDEIS........cc.coo ettt e 55
3.10  CAUCNY SEOQUENCES.....ceeeeeieceei et eteie sttt et sse et et sesesse s st esesanssassessesarsesesensasessssenens 55




SERIES OF REAL NUMBERS

4.1 Sequence Of Partial SUM ...t et r et s ee s e s
4.2 POSITIVE TEIM SEIIES.c.oviieiiii ittt e e e s e

4.3 Some Important Series & Their CONVEIrZENCE......ccovecveeevieceeerierietieer et st se e e

4.4 Important Test fOr CONVEIZENCE......cuvvvieviieeree ettt e e te e ste e sresne e s een

4.5 ALEINAtING TEIM SEIIES....ivieiireeie ettt s ies e e s b et sesaer e sse e s

4.6 Series Of Arbitrary TEIMIS.. ...ttt st ste e e
4.7 SUM OF SBIIES e cu ettt sttt et es st e s et ne b s et bt nenee
ELEMENTARY FUNCTIONS

5.1 FUNCEION .. ettt et e et e et et st e e e s eeneen e eaeene
5.2 WaVy CUIVE MELNOM... ...ttt et ettt s e et s s e be e e ene
53 Some Well KNOWN FUNCHIONS........ciniiiririiirecieeeee et s st s e sbe e
54 TrigoNOMETriC FUNCHIONS. ....iiiieiiiie ettt et sttt e ns
5.5 Inverse TrignometriC FUNCHION. ... .ttt e e e ee e e
5.6 Graphical Transformations ...t st e e s s e res e
5.7 Algebraic & Transcendental FUNCEION........ccocueeeeeee e e
5.8 BOUNEA FUNCHION....c.uciitieie ettt s e et e e ene e s eees
LIMIT & CONTINUITY

6.1 Limit Of A FUNCEION.c.ce ittt sttt st s e et e e s e e
6.2 Left Hand Limit & Right Hand Limit..........cccceviviieiieiesecceeeee et s
6.3 CONEINUITY ottt e e et e e et et e s sre s et e e e saaeebes sbesbesenseesteansas
6.4 DiSCONTINUITY ... ueiiieee ettt e e et e e e saesebe e aesbebbes sbesnnaennees
6.5 Cauchy Functional EQUAatioN.......cuccceie ittt sttt e et et sne e
6.6 Properties of ContinUOUS FUNCLIONS.......ccueivi ettt ettt st e v e
6.7 ROOES OF A FUNCEION ...ttt ettt sttt e e e et e e et e
6.8 LiPSCRItZ FUNCHION... ittt et v e st s st s e e n s e
6.9 UNIfOrm CONTINUITY...coveee ettt et s s s et st stenn s

64

64

65

67

70

77

82

84

97
97

98

99

100

101

102

105

106




10.

DIFFERENTIABILITY

7.1 DiIffErentiability.....cccceieierice e e st st e e e r e r et e e
7.2 Monotonic Functions & Differentiability........ccoeceviveiniiesrvenes e e
7.3 FIXEA POINT .ttt sttt sttt bt st s st e b s et s eneaeeneeeens
7.4 Local Extrema of @ FUNCEION......ocoi it s e e s
7.5 Application of Differentiability.......cccoccrvreiiiiienire e
RIEMANN INTEGRATION & BOUNDED VARIATION

8.1 RI€MaANN INTEEIATION.....ciiieceee ettt st et s e e e s e e e e e seeseeeenns
8.2 Definite Integral @s Limit Of SUM .......cccvciiieeieiice e st st s
IMPROPER INTEGRAL

FUNCTION OF SEVERAL VARIABLE

10.1  Some Important DefinitioNs.........coivcci i et s
10.2  Limit Of A FUNCHION.c.cci ittt sttt st sttt e et e s s e en e e
L10.3 CONTINUITY ettt ettt ettt st e saeste e b e s e st e ss e sae e eseessteseessbasses snesensanssenns
10.4  Directional DErIVAtIVES. .....ccocice ittt ettt e et e e s et e e
10.5  DifferentiabiliTy ...t ettt e et eae st e e aeraeraas
10.6  Partial Derivatives of HIgher Order ........oeeeee et s se e
10.7  EXTremME VAlUES....coci it et e s e s s s e enene s
10.8  FUNCtion Of 71 Variables.......cceeinreeiec e e e e s
10.9  Vector Valued FUNCTION.....c.c.coi ittt st et e s r e s e

138
138

143

144

146

147

159
159

161

166




SET THEORY & COUNTABILITY

CHAPTER

SET THEORY
1.1 SETS :
1.1.1 DEFINITION:
A Set is a well-defined collection of distinct objects.
The individual objects of the set are called member or
elements of the set.
Set is denoted by Capital letters A,B,C,X,Y,Z ...
Examples :-
(1) Set of all vowels in English Alphabet X = {a, e, i, 0, u}.
(2) Some Important sets : N = set of all natural numbers
Z = set of all integers
R = set of all real numbers
C = set of all complex numbers
Q = set of all rational numbers
Q°¢= set of all irrational numbers
(3) The set of all natural numbers which are strictly less than 4.
X={xeN |x <4}={1,23}

Note:

(1) Set guarantees that the Collection will contains distinct
elements but collection doesn't guarantee this.

(2) The word 'Well-defined' means there is no ambiguity or
confusion as to whether an object belongs to collection or
not.

1.1.2 Equality of Two sets :

Two sets are said to be equal when they consist of exactly the

same elements.

(i){a,b,c} ={b,c,a} ={c,b,a}

(i)fx eN|Jx <4} ={x eN|x <3} ={1,2,3}

Cardinality of the set :

The number of elements in the set A is called cardinality of the

set A

Cardinality of the set A is denoted by |A|.

Russel’s Paradox :

Let R be the collection of all sets that are not members of

themselves.

R={A|A ¢ A}

Exercise: ShowthatR € R © R €R.

1.1.3 Subset :

If A& B are two sets such that each member of A is also a
member of B

iie.x EA >x€EB

Then A is called subset of B.

OR,

A x € A suchthatx ¢ B.

Notation:

(1) If A is subset of B, then it is denoted by A € B(B is
superset of A)

(2) If Ais propersubset of B, thenitisdenotedby A & B (i.e.
3 x € B suchthatx & A).

Example :
1) fx eA=>x€A
= Ais subsetofAieAC A
~ Every set is a subset of itself.
2) ¢ (empty set) is asubset of X i.e. d C X.

1.1.4 Power Set :
The collection of all subsets of a set A is called Power set of A.
Itis denoted by P(A).

Example :

(1)4={1,2,3}

P(4) = {¢,A {1},{2},(3},{1,2},{1,3},{2,3}}.
Note:- for any set A

(1) ¢ €P(A)

(2) ¢ is element as well as subset of P(A).

1.1.5 Cartesian Product :

Let A & B are two sets. Then Cartesian product of A & B is
denoted by A X B and it is defined as

A xB ={(a,b)|a € A,b e B}, where (a,b) is an order pair.

Example:-
(1) A=1{1,2},B ={3,4}

A xB =1{(13),(1,4),(23),(24)}
(2) A=1{1,2},B = ¢, then

A XB=¢

1.1.6 Union & Intersection of two sets :

(1) Union :

If A& B are two sets, then the set consisting of all elements
which belongs to either A or B is defined as union of A & B.
Itis denoted by AU B

AUB={x|x€Aorx e B}



2

Mathematics — Real Analysis Book

(2) Intersection :
If A& B are two sets, then the set consisting of all elements
which belongs to both A & B is defined as intersection of
A&B
Itis denotedby AN B
ANB={x|x€A and x € B}
Note:
(1) Two Set A & B are said to be disjoint if they have no
common elements.
iee ANB=¢
2 Augp=4A, AUA=A,AUB=BUA
Anpg=¢, ANA=A, AnNB=BNA.

1.1.7 Union & Intersection of an arbitrary family of sets :
Index Set :

Anindex setis a set whose members labels (or index) members
of another set. It is denoted by A

Arbitrary Union & Intersection

Let A be an index set, then

UiepAn = {x| x € A;, forsomei € A}
and

NiepnAyn = {x|x € A;, foreachi € A}

1.2 Relations :

1.2.1 Definition:

If A & B be two non-empty sets, then a relation from A to B is
a subset of A X B & every subset of A X B is a relation from A
toB

A relation from A to A is called binary relation.

Examples :

1) Null relation ¢ € A X B

2) A =1{1,2},&B ={0,1, 2}, then

R, ={(1,1),(2,2)} is arelation.

R, ={(1,0),(1,2),(2,1),(2,2)} is a relation
Ry ={(1,0),(0,1)} is not a relation.

1) Reflexive Relation :

Let R be a binary relationonasetAi.e.R € A X A.
Then R is called a reflexive relation if

(a,a) ER,Va€eA

Example :

A, =1{1,2,3}&R, ={(1,1),(2,2),(3,3),(1,2),(2,3)}
A; ={a,b} &R, ={(a,a), (b, b),(a,b),(b,a)}

Both are reflexive relation.

2) Symmetric Relation:

Let R be a binary relationonaset Ai.e. R € A X A.
Then Ris called a symmetric relation if

(a,b) ER = (b,a) ER

IFAS Publications

Example :
A={1,23} &R={(1,1,(1,2),(21),(13),G 1D} is
symmetric relation.

3) Transitive Relation :

Let R be a binary relationonasetAi.e.R € A X A.
Then Ris called a transitive relation if

(a,b) & (b,c) € Rthen(a,c) ER

Example :

A, ={1,2,3}, R, ={(1,1),(1,2),(2,3),(1,3)} is
transitive relation.

Equivalence Relation :
A binary relation R € A X A is called equivalence relation if it
is reflexive, symmetric & transitive.

1.2.2 Equivalence class :

IfR € A X Aisanequivalence relation. Then equivalence class
of A with respect to R is denoted by [a] & is defined as

[a] = {x € 4] (a,x) € R}

Result :-

(1) Two equivalence class are either equal or disjoint.

(2) Fundamental Theorems of equivalence relation.
An equivalence relation on a set A form a partition of A
conversely, Corresponding to any partition of A, there
exist an equivalence relation on A.

(3) The number of equivalence relation on a set A is equals to
the number of partition of a set A.

1.2.3 Number of Equivalence relations :
Let A be any set with cardinality |A], then

|A] Number of equivalence relation
0 1
1 1
2 2
3 5
4 15
5 52
Definition :

Let S=¢, & RS S XS be arelation on S, then R is null
relation & it is an equivalence relation.

Anti-symmetric Relation:
A binary relation R is anti-symmetric relation if
(a,p)ER& (b,a)ER=>a=b

1.2.4 Partial order Relation :

A relation R on a set A is said to be partial order relation if it is
(a) Reflexive

(b) Anti symmetric

(c) Transitive
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Example:
Letx,y € R, define xRy iffx —y + V2 € Q°. Then R is
(a) Reflexive relation
(b) Symmetric relation
(c) Transitive relation
(d) Equivalence relation
(e) Anti-symmetric relation
(f) Partial order relation
Solution:
(a)ify=xthenx—y+vV2=x—x+V2=+v2€ Q¢
>x—y+V2€Q°
=>xRx
= R is a reflexive relation.

(b) x=1++v2,y=1
x—y+V2=1+V2-1+V2=2V2€Q°
= xRy
Consider y—x++v2=1-(1+V2)+V2=1-1-
V2+V2=0¢Q°
= yis not related to x
= R is not a symmetric relation.

e A
() x=—y=1z=7

x—y+\/§=%§—1+\/—=_ﬁf”ﬁ:_zzﬁe Qe

y—Z+\/§=1—\/2—E+\/_=2_ﬁz—+zﬁ=¥ch
= xRy & yRz

Butx—z+\/i=%§—g+\/_:—22—ﬁ+x/_=

—V2+V/2=0¢Q°

= R is not a transitive relation

(d) Clearly R is not an equivalence relation

) x=v2, y=4+3
X=y+V2=V2-3+V2=2/2-V3eQ°
= xRy
y—x+VZ=V3-VZ+VZ=VIe Q"
= yRx
Butx =y
= R is not an anti-symmetric relation

(f) Clearly, R is not a partial order relation.

EXERCISE

Let x, y € Z. Define xRy iff x = y (mod 3). Then R is
(a) Reflexive relation

(b) Symmetric relation

(c) Transitive relation

(d) Equivalence relation

(e) Anti-symmetric relation

(f) Partial order relation
(If R is an equivalence relation, find the equivalence classes)

1.3 Function:

1.3.1 Definition:

Let A & B be any two non-empty sets. Then a rule which assign
each member x of A to unique member y of B is called a
function and y is the image of x under f.

Notation:
f +A— B i.e. fisamapping or a function from A to B.

Note :
(i) Afunction is a special type of relation in which each element

of A is pair with exactly one element of B.
ie.if(a,b)€Ef=f(a)=0b,

1.3.2 Definition:

Domain, Co-domain & Range of :

Let f : A = B be any function from A to B then

i) The set A is called the domain of the function f.

ii) The set B is called the co-domain of the function f.

ii) The set of all elements in B which are the image of the
elements of the domain A is called the range set of the
function f range of f=R(f)={yveB|y=
f(x) for some x € A}

Function f
m

[ ]
.

e_

'g

-~ Range Set: R(f)
L ]
[

A (domain) B (domain)

1.3.3 Counting Number of functions fromAto B :
Let |A| = m & |B| = n, then the number of functions from A4
to B are |B|l = n™

Example :

Q. If |[A| = 3 & |B] = 5, then find number of functions from
AtoB.

Solution :

If|[Al =m,|Bl=n&

F={flf : A> B} then

|F| =n™

Herem =3 andn =25

& |Fl=n™=5%=125

IFAS Publications
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Q. Let |A| = m & |B| = n defline

F,={fIf : A - Bisafunction} &

F, ={fIf : B — Ais afunction}. Then total number of
functions form F, to F, are

(a) mn" (b) pmmt
(c) mn™" (d) ™"
Solution: Here |[A| =m, |B| =n

1Fy] = B =

|F,| = |A]"®! = mn

F ={f|f : F, > F, be a function}

Then

IF| = |F,|IF2l = (nm)(m™
— nmxm” — nmn+1
|Fl=n

= Number of functions from F, to F; are nm™t

mn+1

1.4 Classification of function:-

On the basis of mapping of elements, there are five types of

functions

(1) one to one function (Injective function)

(2) Many to one function

(3) Onto function (Surjective function)

(4) Into function

(5) One-one & onto function (Bijective function or Invertible
function)

1.4.1 One-one function (Injective function):

A function f : A = B is said to be one-one function, if two
distinct elements of the domain have distinct images in the co-
domain.

i.e. f is one-one iff for any x;,x, €A if x; # x, = f(x) #
f(x2)

OR

If f(x1) = fxz) = % = x,

fisone - ona

— 7
A B A [isnotone-one o
Counting number of one-one function from A to B:
If |A| = m & |B| = n. then total number of one-one functions
from A to B are

n
_["Pbm m=n n, _
{ 0 m>n where "p,, Em—

n!

IFAS Publications

Example :-

Q. LetA={1,2,3}&B ={1,2,3,4,5}

suppose Fy = {f|f : A -

B be function suchthat f(1) =1& f(2) # 2 } &F, =
{fIf : A— Bbeaone — one function such that (1)
1 & f(2) # 2 }then the cardinality of sets F; & F,
respectively are ?

(1)9,9 (2) 20,10

(3) 20,9 (4) 18,9

Solution:- Given |[A| = 3 & |B| =5

(i) Given f(1) =1 &f(2) # 2

i.e. image of element 1is fixed

f(2) have 4 choices (i.e. 1, 3, 4, 5)

f(3) have 5 choices (i.e. 1, 2, 3,4, 5)

Hence, total number of functionsin F; are1 X 4 X 5 = 20

(i) Heren = |B| =5 >3 =m = |4]

fAO=1 &f(2) # 2

~ f(2) has three choices (i.e. 3,4,5)

& f(3) has three choices of other then 1and f (2).
So,

Total number of functionsinsetF,is1x3x3 =9
Hence, Option (3) is correct option

Q. The number of one-one function from set A to set B where
A=1{0,1,2,3}&B ={1,2,3,4,5} are

(a) 60 (b) 40

(c) 100 (d) 120

Solution:- Here |[Al| =m =4and |B|=n=>5

>msn

=~ Total number of one-one functions from A to B is "p,,

s, =5 S
=Spy = oy =5 = 51 =120

1.4.2 Many-one function:

A function f: A — B is said to be many to one function, if
there is at least two elements in the domain A has same
image in B.

Note: A function that is not one-one is called to be many-one
function.

Counting number of many to one function:

If |A| = m & |B| = n then

Total number of many-one function =

Total number of functions — Total number of one-one
function

If m > n, then

Number of many to one function=n" — o0 = n™
If m < n, then

Number of many to one function =n™ — "P,,
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1.4.3 Onto (surjective) function:
A function f: A = B is said to be onto if each element of B
has atleast one preimage in A.

Preimage: If f is function such that y = f(x). Then we say
(i) y is image of x under f
(ii) x is preimage of y under f

Note: f: A - Bissaidtobeontoif Vy € B, 3 x € A such
that

fG)=y

Counting number of onto functions form A to B:
1. If |A] = m & |B| = n, then the number of onto functions
fromAtoBis
{nm - [Z?zl(—l)r+1 ne (n — r)m], m=n
0 m<n

Note:

(i) Ifrange setis proper subset of B then f cannot be an
onto function.

(i) IfR(f) = B, then f is onto

Examples:

The number of onto functions (surjective functions) from set
X={1,2,3,4}

tosetY ={a,b,c}is

(a) 36 (b) 64

(c) 81 (d) 72

Solution: |[X| =m =4,|Y|=n=3

-~ total number of onto functions from X to Y
=nm="C(n—1DM™+"C,(n—2)" —="C3(n—3)™ + -
=3*-3C,3-1D*+3C,3—-2)*—3C;(3—=3)*+ -
=81-3(16) +3(1)*=81-48+3 =36

Total number of onto functions are 36

Hence, option (a) is correct.

1.4.4 Into function:

A function f: A = B is said to be into, if there exist an
element in B which does not have preimage in A.

ie. f(A) & B

NOTE:

(i) A function which is not onto is an into function.

(ii) Number of into functions + number of onto functions =
Total number of functions

Important Note:

(i) If|A] = m &|B| = n, then total number of constant
functions are n.

(i) If|A] = m &|B| = 2, then any function from A to B is
into iff it is constant function.

= Total number of into function from A to B is 2

Total number of functions from A to B is 2™

=~ Total number of onto functions from A to B is 2™ — 2.

1.4.5 One to one and onto OR Bijective OR invertible
function:

A function f: A = B is bijective if it is one-one function and
onto function.

Note:

(1) If f: A = B be a bijective function

= (i) f is one-one = |A]| < |B|

& (ii) f isonto = |A| = |B]

~If f: A > B be a bijective function then |A| = |B]

Converse need not be true.
i.e.if|[Al = |B| # f: A - B is a bijective function

Example: If f:[0,1] - [0, 1] such that (x) = 1 Vx € A.
Aanyx € [0,1] suchthat f(x) =0

= f is not onto function.

= f is not a bijective function.

2.1f f: A > B be a function where |A| = |B| = nthen f is
one-one iff f is onto iff f is bijective

The above statement is not necessarily true when the
cardinality of A & B are infinite.

Ex. f:N - Nsuchthat f(n) =n+1
Here |N| = |N| but fis not onto
wAanyn € Nsuchthat f(n) =1

Counting Number of bijective functions:

(i) If|A] = |B| = n, then number of bijective functions from
Ato Bis equals ton!

(i) If |A| = |B| = n, then number of functions from A to B
which is neither one-one nor onto is equals to n™ — n!

Example:

IfA ={1,2,3.45}&B ={a,b,c,d,e}. Then

(a) The number of bijective functions
Answer: 5!

(b) The number of function which is one-on e but not onto
Answer: 0

(c) The number of function which is onto but not noe-one
Answer: 0

(d) The number of function which is neither one-one nor
onto
55 — 5!

Note:

If f: R = Ris a function then

(1) f is not one-one if graph of f cuts some line parallel to
x —axis at least two points.

(2) f is one-one if graph of f cuts every lines parallel to
X —axis at most one point.

(3) f is not onto if graph of f cuts some lines parallel to
X —axis at no point.

(4) f is onto if graph of f cuts every lines parallel to x —axis
at atleast one point.

Examples:

Q. If the functions f,g:Z — Z defined as (n) =3n+
2& g(n) =n? -5, then
(1) Neither f nor g is one-one function
(2) The function f is one-one but not g

IFAS Publications
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(3) The function g is one-one but not f
(4) Both f & g are one-one functions
Solution:-

(i) f(n) =3n+2

Let ny,n, € Z such that f(n,) = f(n,)
=>3n,+2=3n,+2

= 3n, = 3n,

=>n, =n,

= f is one-one function

(i) g(n) = n? — 5

Here foranyn € Z
gn)=n?2-5&g(-n)=(—n)2—-5=n? -5
Butn # —n

= g is not one-one function

Hence, option (2) is correct

Let f: X — X such that f(f(x)) = x for all X € X. Then
(1) f is one-one and onto

(2) f is one-one but not onto

(3) f is onto but not one-one

(4) f need not be either one-one or onto

Solution:- for any x € X, f(f(x)) =x

Let x;, x, € X such that f(x;) = f(x;)

Apply f on above equation

= f(f(x) = f(f(x,)) (+ f isa function)

= xl = x2
= f is one-one function
Onto :

(i) for any x € X (codomain), there is an element
f(x) € X such that f(f(x)) =x

i.e. foranyi € X (Codomain), (i) is a Preimage of i
Hence, f is onto function

OR,

If f(g(x)) =x Vx€X then fisonto & g is one-one
function.

Consider f(f(x)) = x

= f isonto & f is one-one function

Hence f is bijective map.

Thus, option (1) is correct.

The function f: R — R defined by f(x) = (x? + 1)20%1js
(1) Onto but not one-one

(2) One-one but not onto

(3) Both one-one & onto

(4) Neither one-one nor onto
Solution:- Here f(x) = (x? + 1)2021
f(=x) = ((—x)? + 1)?°?1 but x # —x
So, f is not one-one function
ConsiderVx ER,x?+1>1

= (x2 + 1)2021 > (1)2021 = 1

Hence
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For any y € (—,1),2 any x € R such that f(x) =y
Thus, f is not onto function.

Let Z denote the set of integers and Z., denotes the set
{0,1,2,3,....}. Consider the map f:Z., X Z — Z Given
by f(m,n) = 2™.(2n + 1). Then the map f is

(a) Onto (surjective) but not one-one (injective)

(b) One-one (injective) but not onto (surjective)

(c) Both one- one and onto

(d) Neither one-one nor onto

Solution :

Given, f:Zs, X Z — Z defined by f((m,n)) = 2™(2n +
1)

Let (my,ny), (My,ny) € Zyg X Z

Then, f((my,ny)) = f((my,n2))

=2™Q2n; +1) = 2™2(2n, + 1)
>lfm=m,=>2n,+1=2n,+1=>n,=n,

If m; # m,, Then, without loss of generality we can
consider thatm; > m,

= 2™M™™M2(2n;, +1) = (2n, + 1),

Which is a contradiction because term on left hand side is
a multiple of 2 i.e even number and term on right hand
side is an odd number.

So,m; = m, andn; =n,

~ f is an one-one function.

As, 0€EZ and f(m,n)=2"2n+1)#0V (m,n) €
Zsy X Z

(+2m(2n+1)=0=>n=—-¢17)

= f is not an onto function.

Hence option (b) is correct

LetA = {x*:0 < x <1}and B = {x3:1 < x < 2} Which

of the following statements is true?

(a) There is a one to one, onto function from A to B

(b) There is no one to one, onto function from A to B
taking rational to rational.

(c) there is no one to one function from A to B which is
onto

(d) There is no onto function from A to B Which is one to
one
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Solution: A = {x>:0<x < 1}and B ={x3:1<x <2}
A and B are openintervals and in metric space (R, d) open
intervals are homeomorphic

So, there exists a homeomorphism of 4 onto B.

-~ there is one-one and onto function from A to B.

-~ option (a) is correct.

Q. How many onto function from set A = {
1,2,3,4,5,6,7,8,9,10} tothesetB ={a, b}
(a) 1024 (b) 1022
(c) 100 (d) 98
Answer : (2)

Q. Let f(n) =n3—3n defined on set of integers is
injective function. [ T/F]
Answer : False

Note:

(1) If f:A > B is an invertible function then f~1:B - A is
also invertible function where f~1(y) = x, whenever
f&) =y

(2) Letf:A — B is bijective function then
(iYfof~t=Iwherefof 1:B—>B
(iiyftof=Twheref lofi:A—> A

Result:

1. If f: X = Y isone-one function & 4,B € X, then
(i) f(AUuB) = f(A)Vf(B)
(i) f(AnB) = f(A) n f(B)

2. If f:X - Y be a function such that f~! exist& A,B €Y
then
(i) f(AUB) =f1(A) U f1(B)
(i) 7 (AN B) = f71(A) N f(B)
(iii) £71(4%) = (f ()"

Example:-

1.If f:X - Yis a function & A,B,C < X. If f(¢p) = ¢ then
which of the following is/are true?

(1) f(AUB) = f(A) U f(B)

(2) f(AnB) = f(A) N f(B)

8)f(ANnB) < f(A) N f(B)

(4) f(A\B) = f(A\(B)

Solution:

(@JA,B<€ AUB=f(A),f(B)c f(AUB) = f(A) U
fB)<Sf(AUB)

x€AUB= f(x) € f(AUB)

Hence f(AUB) € f(A) U f(B)

= f(AUB) =f(A)VUf(B)

o o T o
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(b)

Let X ={a,b,c,d}, Y={1,4} and let f: X - Y such that
fla)=1,f(b)=1,f(c)=4,f(d) =4

A={ac} = f(A) ={1,4}

B={bd} =f(B) ={1,4}

= f(A) n f(B) ={1,4}

ButANB=¢

=>f(ANB)=¢

=>f(AnB) # f(A)Nnf(B)

So, Option (b) is incorrect.
fxeANB=>x€A&x€B=f(x) € f(A)&f(x) € f(B)
f(x) € f(AnB)

= f(ANnB) < f(A)nf(B)

Hence, option (c) is correct

LetX={ab,cd}, Y={14}

A =1{a,b}and B = {c,d} and let f: X - Y such that f(x) =
1vx €{a,b,c d}

Then

f(A) ={1}and f(B) = {1}

Therefore, f(A\B) = f({a,b}{c,d}) = f({a,b}) = {1}

And f(A\(B) = {1\{1} = ¢

Hence, option (d) is incorrect

1.4.6 Cantor’s Theorem:

There is no onto map from any non-empty set to its power set.
Note:- There exist a one-one map from set A to P(4)

Since f: A = P(A) is not an onto map.

i.e. potential of power set of any set is more than set itself.
i.e. (potential of P(N) is more than N)

Remark:-

For any infinite set A, |A] < |[P(4)| (i.e|Z| < |P(Z)],1Q] <
|P(Q)I, etc)

~ We need to define symbols to denote cardinality of infinite
sets of different potential.

These symbols are called transfinite cardinals.

IN| = R, (aleph null, aleph nought)

[P(N)| = ¢ (continum)

1.5 Similar /Equivalent Sets:

1.5.1 Definition:

Two sets A & B are said to be equivalent or similar if there is
one to one correspondence between their elements.

i.e. there exist a bijective map from A to B and it is denoted by
A~B.
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